Abstract. We build a theory of -adic Siegel modular forms related to the Klingen parabolic subgroup of GSp4. These correspond to families of cohomology classes of increasing levels whose Hecke eigenvalues enjoy strong congruence properties. In the spirit of Hida's theory, a control theorem to relate the family to finite-level members is proved for almost all primes p; in particular we show that the error term appearing in degree one cohomology is killed by the ordinary idempotent.
Introduction
In this article we develop a theory of -adic families of vector-valued Siegel modular forms. Such a family basically consists of a sequence of modular forms of varying weights, which are eigenforms for the Hecke algebra and whose Hecke eigenvalues enjoy strong congruence properties. The direction in the change of weight one considers corresponds to a choice of (a conjugacy class of) parabolic subgroups of GSp4, and here we deal with the non-standard or Klingen parabolic subgroup. An analogous program has been carried out for the theory related to the Borel subgroup of GSp4 in [TU1] and [TU2], and (by slightly different means) for the Siegel parabolic subgroup in [Tay1]. Our work builds on the independence of weight results proved in our previous paper [B2] .
The general strategy of the construction is obviously a routine extension of the methods of [Hi1] and later works of Hida. However, these papers often encounter problems with the so-called control theorem. Our main contribution is to actually prove the vanishing of the ordinary part of one of the error terms by an explicit calculation. In the case of Borel-like congruence subgroups Hida has found a method to obtain exact control outside a finite set of primes -see [Hi3] Section 7. To complete our theory, we can employ a similar trick to show that the remaining error term is also non-ordinary, if we exclude a finite set of primes.
We obtain families as specialisations of elements in an 'infinite level' space of modular forms. Our approach is purely cohomological, so we can only really talk about systems of Hecke eigenvalues occurring on various cohomology groups, which may or may not come from genuine modular forms.
The principal application of such families is to study the properties of the fourdimensional Galois representations attached to Siegel modular forms in the family.
Here we show how to lift a given system of eigenvalues to a -adic family, which is a prerequisite for such applications.
Let us describe our results in a little more detail. ,r is a certain congruence subgroup in Sp 4 Z described in Section 1, with level p r N for p -N, whose reduction modulo p r lies in the Klingen parabolic subgroup. Let V m;n be the unique irreducible representation of Sp 4 C with highest weight m; n in the Weyl chamber corresponding to the standard Borel subgroup. Then there is a Hecke-equivariant embedding of holomorphic degree two Siegel modular forms for ,r and of weight k 1 ; k 2 into H 3 ,r; V k 1 , 3 ;k 2 ,3 (in analogy with the classical Eichler-Shimura isomorphism). We define a certain Z-lattice L k V k . Cohomology with coefficients in L k does not correspond directly to modular forms with integer coefficients, but we have the same Hecke algebra acting on both. Let e be the projector onto the ordinary (with respect to a Hecke operator to be specified) subspace.
Define
and let W k;r and W k be the corresponding Pontryagin dual spaces. In Section 1
we explain the action of the Iwasawa algebra = Z p 1 + pZ p = Z p X and a twisted action of the Hecke operators on W k . Then it follows from the main theorem of [B2] that W k is essentially independent of the second weight variable
To make the concept of infinite level a useful one, we require a 'control theorem' of the form W k 1+p s Zp = W k;s . When attempting to prove this using a spectral sequence relating different level cohomology groups, one encounters several error terms. Let e 0 be the idempotent associated to level N. Under the assumption p -#e 0 H 3 ,0; L k tor ; for some k = m; n with n m 0 (H) we can prove the control theorem as Theorem 2.3 and Corollary 2.7. The bulk of our work is in showing that eH 1 ,r; L k Q p = Z p = 0; by an application of the congruence subgroup property for Sp4, this is reduced to a (slightly lengthy) calculation in the cohomology of finite groups. We then use the condition H to deduce that we also have eH 2 ,r; L k Q p = Z p = 0. We suggest a condition for this second error term to vanish for all p.
The control theorem (2.7) is the basis for studying the space W k . Now take u = 1 + p, a topological generator of 1 + pZ p . For a 2 N we have prime ideals P a = u , 1 + p a in . P a is the kernel of the specialisation map from to Z p given by setting X to 1 + p a , 1; these specialisation maps allow us to recover finite level spaces of modular forms from W k .
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